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Thermodynamic properties of strongly interacting matter are investigated using the Polyakov
loop enhanced Nambu−Jona-Lasinio model along with some modifications to include the hadrons.
Various observables are shown to have a close agreement with the numerical data of QCD on lattice.
The advantage of the present scheme over a similar study using a switching function is that here no
extra parameters are to be fitted. As a result the present scheme can be easily extended for finite
chemical potentials.
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I. INTRODUCTION
The programme of various ongoing and upcoming relativistic heavy-ion collision experiments is to explore the
properties of strongly interacting matter at finite temperatures and densities. There has been major theoretical
advances in the finite temperature properties using simulations of Quantum Chromodynamics (QCD) on space-time
lattices. Currently the temperature Tc where a rapid cross-over from hadronic to partonic matter takes place is
found to be close to the pion mass. The reported values are 155 MeV [1, 2] and 150 MeV [3] from HotQCD and
Wuppertal-Budapest (WuB) collaborations respectively. At the same time various QCD inspired model frameworks
have been developed to extract interesting physical insights. The Nambu-Jona-Lasinio or the NJL model [4–9] is one
such model which effectively explains key features of QCD like chiral symmetry breaking and its restoration. However
the effects of the gluon degrees of freedom are not adequately addressed in such models. The extensions like the
Polyakov loop enhanced Nambu-Jona-Lasinio (PNJL) model [10–14] encapsulates this missing feature by including
a temporal background gluon field. As a result, both chiral and deconfinement aspects are captured within a single
framework. Various studies of the basic thermodynamic variables computed in the mean field framework display
strong similarity to lattice results (see [15] and references therein).
With more sophisticated techniques and higher computational power, some of the observables from lattice QCD
have been extrapolated to the physical continuum limit [2, 3]. Many of these results are quite different from those
obtained earlier on smaller lattices. In view of this a reparametrization of the PNJL model was done [16] to obtain a
quantitative agreement with the lattice QCD data. One important lacunae observed in this study is the mismatch of
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2the results for temperatures close to or below Tc. The reason was identified as the absence of hadronic contribution
in the PNJL model. Several other attempts were going on to construct a suitable model to match the lattice data. In
HRG+chiral perturbation theory [17], below the transition temperature, the decrease of the absolute value of chiral
condensate is well described. Also HRG model is able to reproduce LQCD data on temperature dependence of the
Polyakov-loop itself [18]. Similarly, a quark-hadron hybrid model [19] has been constructed by taking quark and
hadron contributions simultaneously. The hadron volume fraction function is used to switch from one phase to other
and hadron-quark transition temperature is defined in the view of the ratio of quark and hadron contribution. In
this direction some of us studied a hybrid model by coupling the HRG model and the PNJL model via a switching
function [15].
Here we study an alternative scheme where the hadron contributions are added in a simple way except that we
consider their medium dependent masses. The confinement feature through the Polyakov loop always suppresses the
contribution of the constituent quarks at low temperatures and densities. The switching function was necessary to
rather cut off the contribution of the hadrons at high temperatures and densities. Instead of the switching function,
here the rising effective masses of the hadrons will naturally make them unfavorable in the thermodynamics.
In the next section, we briefly outline the PNJL model. The following section gives a description of how we handle
the hadrons. This is followed by our results and conclusions.
II. PNJL MODEL
We now discuss the particular form of the PNJL model as discussed in Ref. [16], which will be employed here.
The scheme in the PNJL model was to add a Polyakov loop effective potential to the NJL model [10, 12, 20]. The
chiral properties are taken care of by the NJL part, while the confinement properties and the gluonic contributions
are effectively incorporated through the Polyakov loop potential. Various studies have been carried out using PNJL
model with 2 and 2+1 flavors [12, 21–30]. For our study we shall use the 2+1 flavor model having up to six quark
interactions. The thermodynamic potential is given as [16],
Ω(Φ, Φ¯, σf , T, µ) = 2gS
∑
f=u,d,s
σ
2
f −
gD
2
σuσdσs − 6
∑
f
∫ ∞
0
d3p
(2π)3
EfΘ(Λ− |~p|)
− 2T
∑
f
∫ ∞
0
d3p
(2π)3
ln
[
1 + 3
(
Φ+ Φ¯e−(Ef−µf )/T
)
e
−(Ef−µf )/T + e−3(Ef−µf )/T
]
− 2T
∑
f
∫ ∞
0
d3p
(2π)3
ln
[
1 + 3
(
Φ¯ + Φe−(Ef+µf )/T
)
e
−(Ef+µf )/T + e−3(Ef+µf )/T
]
+ U ′(Φ, Φ¯, T ). (1)
The first five terms on the R.H.S. are the terms of the NJL model suitably modified due to the Polyakov loop. Here
σf = 〈ψ¯fψf 〉 correspond to the two light quark (f = u, d) condensates and the strange (f = s) quark condensate
respectively. There is a four quark coupling term with coefficient gS and a six quark coupling term breaking the axial
U(1) symmetry explicitly with a coefficient gD. The corresponding quasiparticle energy is Ef =
√
p2 +M2f , for a
given flavor f . The dynamically generated constituent quark masses is given by,
Mf = mf − 2gSσf +
gD
2
σf+1σf+2, (2)
where, if σf = σu, then σf+1 = σd and σf+2 = σs, and so on in a clockwise manner.
The third term on the R.H.S. of Eq. (1) gives the zero point energy, while the fourth and fifth terms are the finite tem-
perature and chemical potential contributions of the constituent quarks and anti-quarks respectively. The latter two
terms arise from the fermion determinant in the NJL model duly modified by the fields corresponding to the traces of
Polyakov loop and its conjugate given by Φ = TrcLNc and Φ¯ =
TrcL
†
Nc
respectively. Here L(~x) = Pexp
[
i
∫ 1/T
0
dτA4(~x, τ)
]
is the Polyakov loop, and A4 is the temporal component of background gluon field.
The effective potential for the Φ and Φ¯ fields are given by U ′, appearing as the last term in Eq. (1). Various forms
of the potential exist in the literature (see e.g. [23, 31–34]). We shall use the form prescribed in [16] which reads as,
U ′(Φ, Φ¯, T )
T 4
=
U(Φ, Φ¯, T )
T 4
− κln[J(Φ, Φ¯)]. (3)
3Here U(Φ, Φ¯, T ) chosen as a Landau-Ginzburg type potential commensurate with the global Z(3) symmetry of the
Polyakov loop is given as [12],
U(Φ, Φ¯, T )
T 4
= −
b2(T )
2
Φ¯Φ−
b3
6
(Φ3 + Φ¯3) +
b4
4
(Φ¯Φ)2 (4)
The coefficient b2(T ) is chosen to have a temperature dependence of the form [16],
b2(T ) = a0 + a1exp(−a2
T
T0
)
T0
T
, (5)
and b3 and b4 are chosen to be constants. The term J [Φ, Φ¯] = (1 − 6 Φ¯Φ + 4 (Φ¯
3 + Φ3) − 3 (Φ¯Φ)2) is the Jaco-
bian of transformation from the Polyakov loop to its traces. κ is a dimensionless parameter which is determined
phenomenologically.
mu (MeV) ms (MeV) Λ (MeV) gsΛ
2 gDΛ
5
5.5 134.758 631.357 3.664 74.636
TABLE I: Parameters in the NJL model
T0 (MeV) a0 a1 a2 b3 b4 κ
175 6.75 -9.0 0.25 0.805 7.555 0.1
TABLE II: Parameters for the Polyakov loop potential.
The different parameter values in the NJL terms are given in Table I. And the parameter values used in the Polyakov
loop potential are given in Table II.
Previously some of us [16] discussed that this model gives a crossover temperature of Tc ∼ 160 MeV as well as
quantitative agreement of temperature variations of pressure and various other observables commensurate with the
observations in lattice QCD in the continuum limit [16]. However the quantitative agreement though close, was not
exact in different ranges of temperatures. Significant discrepancies appeared in the low temperature region where the
hadronic degrees of freedom dominate. A possible step towards removal of this lacunae was proposed by us [15] by
coupling the PNJL model with the Hadron Resonance Gas model via a switching function. This scheme was successful
in getting a much better agreement between the results from PNJL model and the lattice QCD data. Here a key
role is played by the switching function that switches the hadronic or the partonic degrees of freedom. However this
approach requires us to immaculately choose a form and parametrization of the switching function itself. Here we
discuss an alternative scheme where PNJL model is modified such that the hadronic contributions would appear more
naturally in the relevant region of the phase space and shut off in other regions, without having to use a switching by
hand. In the next section we shall describe this scheme.
III. HADRONIC SECTOR
Our aim is to include all the correct degrees of freedom allowed in strong interactions in our model framework.
As discussed in [15] (and references therein), the prominent degrees of freedom would depend on the thermodynamic
conditions. This gave a scope for introducing the phenomenologically determined switching function in [15], and
couple the PNJL model to the HRG model. Here we ask if a more natural mechanism exists to include the hadronic
contributions.
As is well known, the thermodynamic potential given by Eq. 1 is obtained in the mean field approximation for
the quark propagators. A consistent method to extract the thermodynamic potential beyond mean field for a quark
meson plasma in the framework of the NJL model was outlined in [35–37]. The mesonic contributions appear in the
next to leading order contributions in a 1/Nc expansion in the form of ring diagrams. For a mesonM the contribution
to the thermodynamic potential is given by,
δΩM = gM
∫
d3p
(2π)3
∫
dω
[ω
2
+ T ln(1− e−
ω
T )
] 1
π
dδM (ω, ~p, T )
dω
. (6)
4Here, gM is the internal degrees of freedom of the meson and δM (ω, ~p, T ) is the scattering phase shift of a quark and
anti-quark in the M channel.
Extensions of this work in the PNJL model has been done in [38–42], wherein the authors have studied various effects
of this additional contribution to the mean-field thermodynamic potential. On the other hand here we set out to make
a detailed study of the various thermodynamic observables and contrast them to the results reported in the continuum
limit in the lattice QCD framework. Here we do not try to be rigorous with the beyond mean-field calculations but
carry out a simple heuristic approach. We simply add the hadronic contribution to the mean field PNJL model. The
masses of such hadronic excitations may be computed from the pole condition in the respective polarizations, and
would therefore depend implicitly on the mean fields and explicitly on the thermodynamic parameters. This approach
is similar to the near-pole approximation (ω2 = E2M = ~p
2 + m2M ) of the above thermodynamic potential [35]. In
practice this approach is similar to our earlier approach [15] of adding the hadronic contribution to the PNJL model,
but without a switching function. Here the effect of switching off/on of the hadronic contributions will rather be
taken care of by the relative strength of the temperature dependent hadronic masses to the quark masses.
The temperature dependent mesonic masses are obtained from the pole condition
1− 2GMΠM (ω = mM , ~k = 0) = 0. (7)
Here GM is the effective vertex factor for the given flavor combination and ΠM (k
2) is the one-loop polarization
function for corresponding mesonic channel given by the Random Phase Approximation [43] as,
ΠM (k
2) =
∫
d4p
(2π)4
Tr[ΓMS(p+
k
2
)ΓMS(p−
k
2
)], (8)
where S(p) is the quark propagator. In this work we shall only consider the lowest lying nonet mesons. The details of
the calculations may be found in our earlier work [44, 45]. The final computations however consider the reparametrized
PNJL model as discussed in the previous section. The mesonic contribution to the thermodynamic potential is given
as [31],
δΩM = −νMT
∫
d3p
(2π)3
ln(1− e−
Ep
T ) (9)
where νM is statistical weight factor of corresponding mesonic species and Ep =
√
~p2 +m2pole(T ), where mpole is the
mesonic mass obtained by solving Eq.(7).
In the baryonic sector, the lower lying window is occupied by the nucleons, protons and neutrons. They having a
bare mass ∼ 940 MeV contribute insignificantly to the thermodynamics. Also chiral perturbation theory results like in
[46] indicate that the nucleon masses increase with temperature apart from a very small decrease in the intermediate
regimes of temperature. In this study we therefore consider only the constant mass for nucleons. Role of other baryon
species are left out in this excercise. The baryonic contribution to the thermodynamic potential is given by [47],
δΩB = νBT
∫
d3p
(2π)3
ln(1 + e−
Ep
T ) (10)
where νB is statistical weight factor of corresponding baryonic species. The final thermodynamic potential is the sum
of the parts obtained from Eq.(1), Eq.(9) and Eq.(10). We shall refer to this as the Modified Polyakov loop enhanced
Nambu−Jona-Lasinio (MPNJL) model.
IV. RESULTS
The thermodynamic potential 1 is minimized with respect to the σ, Φ and Φ¯ to obtain the mean fields. These are
then inserted into the equations 7 and 8 to obtain the meson masses as function of temperature. In Fig. 1 we have
plotted the variations of meson masses for π, σ, K, η and η′ with temperature. The results are similar to some of
the earlier works [44, 48]. The most significant change is the mass of the π which rises from about 140 MeV near
the crossover temperature to 550 MeV as the temperature nears 400 MeV. The σ mass has the expected behavior of
first a strong decrease to reach the π mass and then increase along with the π mass. In this temperature range the
η′ mass decreases by almost 300 MeV. The masses of the K and η vary by a relatively small amount. The various
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FIG. 1: (color online)Pseudoscalar and scalar meson masses plotted as a function of temperature.
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FIG. 2: (color online) Scaled pressure and entropy plotted as functions of temperature.
combinations of constituent quark masses are also plotted for comparison. Obviously the signature of the chiral
symmetry restoration in the meson sector at high temperatures is evident as the constituent masses go down.
The mean fields are then put back in Eq.(1), and the pole masses in the Eq.(9) and Eq.(10) to obtain the pressure.
The scaled pressure and scaled entropy density are shown in Fig. 2(a) and Fig. 2(b) respectively. These are compared
to the continuum extrapolated lattice QCD (HotQCD [2], and Wuppertal-Budapest [3]) data. Both the quantities in
the MPNJL model agree with the usual PNJL model and lattice QCD data for the higher temperatures. At the lower
temperature the MPNJL model remarkably reproduces the lattice QCD data, where the PNJL model fails. Obviously
a similar result was obtained with the hybrid PNJL model [15]. But unlike the hybrid model, where the switching
function had to be tuned, here we have no extra parameters, apart from those already present in the PNJL model.
Given that we have considered only a few mesons corresponding the flavor SU(3) octet and the lowest lying nucleons,
the agreement of the bulk thermodynamics in the MPNJL model and lattice QCD data is surprising. However as
shown in the figures, the scaled pressure and scaled entropy density obtained in the ideal Hadron Resonance Gas
model have an excellent overlap with the MPNJL and lattice QCD data in the low temperature region. It therefore
seems sufficient to include the limited number of hadrons for the present study.
With the MPNJL model we now obtain the specific heat at fixed volume, which includes the second derivative of
the thermodynamic potential with respect to temperature. The variation of the scaled specific heat with temperature
is shown in Fig. 3(a). For higher temperatures the lattice results are distinctly different. In fact the difference can
be seen to be gradually increasing as we move from the scaled pressure to scaled entropy density to finally the scaled
specific heat. As already mentioned in [16], we chose the parameters in the Polyakov loop potential to agree with the
HotQCD data. In the lower temperature ranges it is difficult to conclude if the results of the MPNJL model may be
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FIG. 3: (color online) Specific heat and speed of sound as functions of temperature
preferred over the PNJL model results when compared to the lattice QCD data.
To bring out the difference between the two models we therefore consider the squared speed of sound, which turns
out to be the ratio of the entropy to the specific heat at fixed volume. This is shown in Fig. 3(b). Here we see a
wide difference between the PNJL and MPNJL model results for the lower temperatures. The MPNJL model results
indeed agrees well with both the Hadron Resonance Gas model, as well as the lattice QCD data.
With these results we demonstrated the necessity and utility of introducing the beyond mean field contributions
to the PNJL model, though with quite a few assumptions. As we see that here we did not need any extra switch
between the hadron and PNJL contributions. The switch between the degrees of freedom are affected by the varying
masses with temperature. For lower temperatures the constituent quark masses are quite high and the meson masses
comparatively low, giving rise to meson domination. This is in addition to the suppression of quark excitation by
the Polyakov loop. The condition is reversed as one approaches higher temperatures, and the system becomes quark
dominated.
A proper determination of the state of strongly interacting matter at finite temperatures and chemical potentials
requires knowledge of the fluctuations of conserved charges [49–52]. They also act as indicators of phase transition
or crossover through which the system passes [45, 53–62]. At a given temperature and arbitrary chemical potentials,
the pressure of the system may be expanded as a Taylor series around zero chemical potentials, where the coefficients
are directly related by the fluctuation-dissipation theorem [63] to the fluctuations at various orders. The n-th order
Taylor expansion coefficient cXn (T ) of scaled pressure can be written in terms of fluctuations χ
X
n (T ) of conserved
charges (baryon number B, electric charge Q and strangeness S) as,
cXn (T ) =
1
n!
∂n(P/T 4)
∂(µX/T )n
=
T n−4
n!
χXn (T ) (11)
where the expansion is carried out around µB = µQ = µS = 0. In Fig. 4 we present our results for the second order
fluctuations of the conserved charges along with a comparison of the continuum data from lattice QCD [64–66]. In
the model, these fluctuations are obtained by a suitable Taylor series fitting as discussed in detail in [21].
The baryon number fluctuation cB2 obtained in the PNJL and the MPNJL model are very close to each other in
the whole range of temperatures studied. The only hadrons that contribute additionally in the MPNJL model are the
nucleons with a mass ∼ 1 GeV, which is much heavier than the corresponding constituent mass of the quarks. So the
difference between the two model results is insignificant. There is a possible concern for overcounting the baryons in
the MPNJL model − as the constituent quarks and as the nucleons. Obviously this would be of concern as more and
more baryons are included. But in the present case the constituent quarks overwhelm the system due to both their
lower masses as well as larger degrees of freedom. In view of these discussions, it is surprising to find a reasonable
agreement of the results from the PNJL model with the lattice QCD data even for temperatures below 150 MeV. It
seems that the partonic fluctuations manifest themselves strongly in the baryon susceptibilities.
This is not the case for the electric charge fluctuations cQ2 . The PNJL and MPNJL model results differ significantly
for temperatures close to 200 MeV. The MPNJL model has a very good agreement with the lattice QCD results. The
dominant hadrons in this sector are the pions. For very low temperatures the pion mass is almost half the mass of
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FIG. 4: (color online) Conserved charge fluctuations as functions of temperature
the constituent quarks. With increase in temperature the pion mass increases and the quark mass decreases such that
the combination nicely reproduces the lattice QCD data.
The strangeness fluctuation cS2 in the PNJL and MPNJL models differ for low temperatures by a smaller amount
when compared to the charge fluctuations. For the lowest temperatures in the lattice QCD data, the MPNJL model
seems to agree. But thereafter the two models merge and they deviate from the lattice QCD data. In the hadronic
sector the dominant contributors are the K and η. Their masses, though almost half of the constituent masses
Mu +Ms, are still quite large. Moreover the K mass is almost constant over the whole temperature range. On the
other hand the decrease in the constituent mass of the strange quark with temperature is not fast enough. So their
contributions to strangeness fluctuations above temperatures of 150 MeV is not enough to agree with the lattice QCD
data.
V. CONCLUSION
Numerous attempts are being made to predict the correct EoS for the strongly interacting system. Lattice QCD is
the most robust abinitio technique. However effective models that are much easier to handle and suitable enough to
extract interesting physical outcomes are regularly employed. The reliability of such models in quantitative estimates
have often come under review. In this regard we are investigating the various possible improvements for the PNJL
model so that it can serve as an effective tool for quantitative analysis of strong interactions in chemical equilibrium.
In an earlier work [16], the Polyakov loop potential was reparametrized to bring various thermodynamic quantities
in reasonable agreement with the lattice QCD data. Among the issues pointed out in that work was the insufficiency
of the PNJL model to reproduce the correct results for temperatures close to and below the crossover transition. The
relevance of the hadronic degrees of freedom was realized and a hybrid model was built [15] with the HRG model
and PNJL model coupled via a switching function. The method worked well, but a more natural framework was
8sought. The existing literature on the beyond-mean field calculations in the NJL and PNJL models led us to propose
the present modified PNJL model, where the hadronic contributions are additively included. There is no switching
function, but the hadrons are given medium modified masses. The relative variation of the hadron and constituent
quark masses with temperature effectively selects the dominant degrees of freedom. The best utility of this scheme
over the scheme using switching function is for finite chemical potentials. The parameters in the switching function
being additional parameters had to be fixed at various temperatures and chemical potentials. Here on the other hand
there are no extra parameters and the effect of temperature and chemical potentials are taken care of through the
respective hadronic distribution functions.
The scheme is found to satisfactorily reproduce the lattice QCD results for a range of observables including the
pressure, entropy, specific heat, speed of sound and the baryon number and electric charge fluctuations. The results
from the model however deviated significantly from the lattice data for strangeness fluctuations. To address this
shortfall it is necessary to revisit the strangeness sector of the PNJL model, which we hope to address in future.
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